Population projection models that introduce uncertainty are a growing subset of projection models in general. In this paper, we focus on the importance of decisions made with regard to the model specifications adopted. We compare the forecasts and prediction intervals associated with four simple regional population projection models: a total growth rate model, a component model with net migration, a component model with in-migration and outmigration rates, and a multiregional model with destination-specific out-migration rates. Vector autoregressive models are used to forecast future rates of growth, birth, death, net migration, in-migration and out-migration, and destination-specific out-migration for the North, Midlands and South regions in England (additional specification decisions once again come into play). They are also used to forecast different international migration measures. The base data represent a time series of annual data provided by the Office for National Statistics from 1976 to 2008. The results illustrate how both the forecasted subpopulation totals and the corresponding prediction intervals differ for the multiregional model in comparison to other simpler models, as well as for different assumptions about international migration. The paper ends end with a discussion of our results and possible directions for future research.
INTRODUCTION
Since the 1990s, there has been an increasing need to move away from deterministic and variant-style projections to probabilistic projections. Probabilistic projections have the advantage over variant style projections in that they specify the likelihood that a particular future population value will occur (Ahlburg and Land 1992; Lee and Tuljapurkar 1994; Lutz 1996; Bongaarts and Bulatao 2000) . With variant projections, on the other hand, the user has no idea how likely they are, only that they are plausible scenarios representing the "most likely" and the "extreme" high and low possibilities. Despite the advantages of probabilistic projections, they have yet to be widely adopted by statistical agencies for several reasons (Lutz and Goldstein 2004) . First, there are many types of uncertainties to consider, and including them in projections is not always straightforward, and it can be misleading to include them incorrectly. Second, national statistical offices do not always have the necessary expertise to develop probabilistic models or to extend their current models to include probabilities. Finally, while much has been done, there is still a lot of work needed to produce probabilistic models that are usable at a detailed demographic level, and that are capable of incorporating expert knowledge of demographic experts.
In this paper, we focus on only a small part of the picture, that is, to identify the consequences of choosing a particular projection model in terms its forecasted populations and measures of uncertainty. We develop a probabilistic time series framework for multiregional projection models , extending some of the ideas in Gullickson (2001) , Sweeney and Konty (2002) and Wilson and Bell (2007) . The overall aim is to learn about issues arising from simple probabilistic multiregional projection modelling.
Deterministic models are first used to illustrate why specification matters. Second, we show how adding probabilities, obtained in a time series framework, gives rise to additional issues of specification. The illustrations are carried out with a three-region multiregional model of England using demographic data collected from 1976 to 2008. Multivariate time series methods are used to forecast various future crude rates of subnational demographic change (i.e., births, deaths, internal migration and international migration). These models account for the strong correlations over time and across regions. The forecasted demographic rates are then used to produce four different sets of future regional populations in England for the purpose of comparing the consequences of different 'closed' (to international migration) projection models. Finally, we introduce three different specifications for including international migration, and then assess the consequences for the resulting forecasts.
ALTERNATIVE SPECIFICATIONS OF A THREE REGION POPULATION SYSTEM
Because a large number of different subnational projections are possible within an individual country, it is not feasible to consider here all of the combinations that might be relevant.
Consequently, we focus on a particular example of multiregional mathematical demography:
a three region population model of England. However, it should be clear that the methods described here are also applicable to more than three regions, indeed even to regions that are not regions in the geographical sense but that are states of existence, such as the states of being married or divorced, healthy or sick, employed or unemployed (Land and Rogers 1982; Schoen 1988 ).
DATA
This study requires data on populations, births, deaths, interregional migration and international migration. It also requires us to produce future values of these components to be inserted into the projection models described below. To keep things simple, we decided to focus on just three regions in England: the North, Midlands and South, which can be aggregated from England's nine Government Office Regions. 1 The data were obtained from The crude rates of birth and death are presented for the three regions in Figure 2 . Over time, the regional birth rates fluctuated (in parallel) between 0.010 and 0.014. The regional death rates, on the other hand, steadily declined with the North consistently exhibiting the highest rates, and the South (after the mid-1980s) the lowest. Finally, the crude rates of internal migration and international migration are presented for the three regions in Figures 3 and 4, respectively. 1976 1978 1980 1982 1984 1986 1988 1990 1992 1994 1996 1998 2000 2002 2004 2006 2008 North Midlands South
CLOSED UNIREGIONAL AND MULTIREGIONAL PROJECTION MODELS
The simplest 'closed' model is the global projection model, which for a one-year projection, is specified for three regions as:
where P denotes population, t denotes year and r denotes the annual growth rate. The superscripts N, M and S denote the North, Midlands and South regions, respectively. For this model, the emphasis is on forecasting the inputs, i.e., the annual rates of growth, to the year
2021.
The global model provides a useful benchmark but does not contain the demographic rates underlying the annual growth rate, i.e., a disaggregation of fertility, mortality and migration often considered necessary for more accurate projections. The incorporation of fertility and mortality rates is relatively straightforward. The inclusion of migration rates, however, is more complicated because two populations are involved simultaneously (i.e., an out-migrant from one place is an in-migrant to another). In practice, there are at least three principal ways of incorporating internal migration into 'closed' subnational population projections. The first focuses on net migration, the other two on gross migration. These models are specified below.
The second projection model considered in this paper is the component projection model with net migration rates, which for the three regions, are specified as:
where b is a crude birth rate, d is a crude death rate and nm is a crude net migration rate. Note,
Net migration rates are problematic because they only describe the difference in movements, that is, they are difficult to model behaviourally because there is no such individual as a net migrant, and they generally introduce a bias into the projection process because both the numerators and the denominators of the net migration rates are changing (Rogers 1990 ).
Gross migration may be entered into the projection process either by considering only inflows and outflows irrespective of other regions in the system (a uniregional perspective) or by keeping track of the various origins and destinations (a multiregional perspective). In both cases, one obtains a considerable increase in useful information over the net migration projection. Thus, the third model is the component projection model with crude rates of inmigration (i) and out-migration (o) instead of the net migration rates (i.e., nm = i -o) used in the previous model. This model, specified for the three regions, is:
The final model is the multiregional model with destination-specific out-migration rates,
where, for example,
− represents the destination-specific out-migration rate between the Midland and North regions. In this model, there are no rates of in-migrations, only rates of out-migration applied to the correct populations "at risk". The multiregional model can also be expressed in matrix form, i.e., 
or, more simply, as
where G is the growth matrix and P is a vector of subnational populations. In the next subsection, this model is extended to include flows of international migration.
To summarise, there are several ways to specify subnational population projections.
Uniregional perspectives of population growth and change (i.e., Equations 1-3) are simpler to construct but are problematic because they can easily introduce biases and inconsistencies into regional population projections (e.g., the overall national net migration total may not come out to be zero). The problems arise because both net migration totals and in-migration flows are assessed only with respect to the population in the region of destination. Thus, changes in the size of the destination population, arising out of changes in the patterns of, say, natural increase for a given year, will produce a higher (or lower) net migration or inmigration total in the following year as a result. For example, one could imagine the origin population being ultimately reduced to zero, but a fixed and positive in-migration rate in the destination region will nevertheless continue to generate a flow of migrants from other regions in the population. A multiregional perspective removes these biases. Furthermore, a projected multiregional population system must yield a zero net internal migration total for the nation, but net internal migration-based models never do that.
To illustrate the differences that can arise between a uniregional projection and a In the first projection, the estimated values from both models are the same as they both use rates calculated on the basis of the previous year. The differences become more apparent over time, as shown in Figure 5 . By 2021, the uniregional model projects a North population that is 23 thousand less than the multiregional projection. The same is true for the Midlands population but with the difference being much less at around five thousand. For the South region, the opposite occurs: the uniregional projection results in a population that is 29 thousand more than produced by the multiregional projection.
OPENING THE MULTIREGIONAL MODEL TO INTERNATIONAL

MIGRATION
The previous subsection specified different models for a closed population system. In this subsection, the impacts of different assumptions regarding the inclusion of international migration are assessed. The base model from which to make comparisons is the multiregional projection model described above in Equations 4-6. There are several options for adding international migration to this model. The first and simplest option is to include net international migration rates within the diagonal elements of Equation 6. The second option is to model immigration and emigration rates separately and then include them in the diagonal elements of Equation 6. The third option includes immigration counts as an additional vector and crude rates of emigration are placed in the diagonal elements of the growth matrix, 
MULTIVARIATE TIME SERIES FORECASTING MODELS
The previous section showed how various subnational projection models may be specified. In this section, we are interested in obtaining forecasts of the demographic components of change with measures of uncertainty. To do this, we rely on multivariate time series models, for which additional specification decisions need to be made. We rely on models that are able to capture the correlations both over time and amongst regions. Simulations of the results from the models fitted to the crude rates are then used to quantify the future uncertainty in the forecasts based on the historical patterns in the demographic components. As before, the projection models are initially closed to international migration to simplify the comparison.
Afterwards, we add international migration to the multiregional specification. The incorporation of age cohorts and sex will be carried in future research. 
CORRELATIONS AMONG REGIONAL DEMOGRAPHIC COMPONENTS OVER TIME
In our data, there exist strong correlations in the demographic components of change both over time and amongst regions. When considering probabilistic subnational projections, one needs to account for these correlations to obtain accurate prediction intervals. We first describe the correlations amongst the different demographic inputs for the four closed projection models, specified in Equations 1-4 and presented in Figures 1-3 , followed by the correlations for the time series of international migration data presented in Figure 4 .
To start, consider the global projection model specified in Equation 1. The inputs for this model are presented in Figure 1 and the corresponding correlations are presented in Table   1A . and not significant (North and South, 0.22) at the 5% significance level, based on the standard t-test for the null hypothesis of no correlation between two variables.
The correlations amongst crude regional birth, death and net migration rates, used as inputs in the projection model specified in Equation 2, are set out in Table 1B . Here, we find that the patterns of regional births and deaths, considered separately, are all highly and positively correlated. The correlations amongst regional net migration rates are also significant but positive between the North and Midlands (0.59) and negative between North and South (-0.95) and Midlands and South (-0.81). As far as the correlations amongst the different demographic components (i.e., births, deaths and net migration) are concerned, the patterns are less clear and not very strong. For example, the South's birth rates are not correlated with regional death rates or net-migration rates, however, those in the North and
Midlands are (with the exception of net-migration in the Midlands).
The correlations amongst regional in-migration and out-migration rates are presented in Table 1C , along with the correlations between birth rates and death rates. Interestingly, the only significant correlation amongst the three in-migration rates is between North and
Midlands. The correlations amongst regional out-migration rates, on the other hand are all significant and positive, as are the correlations between in-migration and out-migration rates (with the exception of South in-migration and Midlands out-migration). The correlations amongst the destination-specific out-migration rates are presented in Table 1D . All of the correlations amongst these rates were positive; however, not all were significant.
Finally, the correlations amongst net international migration rates, immigration and emigration rates and immigration totals and emigration rates, used as inputs for the projection models specified in Section 2.3, are presented in Table 2 . Here, all correlations are positive and highly significant.
In summary, for the modelling of demographic components, we decided that there was plenty of evidence to include the correlations amongst the regional rates of each demographic component, as well as between the separate components of migration (e.g., inmigration and out-migration and immigration and emigration). The correlations between other demographic components, e.g., birth rates and death rates or death rates and inmigration rates, however, are not included as they are not as strong and do not exhibit clear patterns.
VECTOR AUTOREGRESSIVE MODELS
Uncertainty in population projections come from four main sources: the projection model(s), parameter estimates, expert judgments and historical data (Alho and Spencer 2005, pp. 238-240) . Uncertainty can also be based on the results of past projections (Keilman 2001 (Keilman , 2008 .
As Gullickson (2001, p. 2) points out, there are two important issues that must be addressed when producing multiregional population forecasts with uncertainty:
"First, one must consider the spatial correlation between component rates across regions. Second, one must develop a parsimonious method of modeling and forecasting a larger number of migration rates."
We focus the first aspect. Uncertainty measures are derived from historical time series by using multivariate time series models (described below) for forecasting crude rates of regional growth, birth, death, net migration, in-migration, out-migration and destination-specific out-migration. More specifically, we apply vector autoregressive (VAR) time series models to account for correlations both over time and across regions. 
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where y denotes a particular demographic rate, the subscript t denotes time period, μ represents the mean level of the process, α is the autoregressive coefficient representing the correlation between observations y t and y t-1 and u t is assumed to be independently normally distributed with zero mean and constant variance, σ 2 . Predictions from this model can be obtained as
where T is the last observation of y t . The 95% prediction intervals for this value are where D t is a 1 × m vector of additional parameters that represent time dependent trend in y t .
As the regional data are highly correlated, we apply VAR models to predict all of the crude rates used in the various projection models. These include the crude rates of growth, birth, death, net migration, in-migration and out-migration, destination-specific out-migration and immigration and emigration.
For simplicity, we only consider VAR(1) models in this paper. Most of the patterns are explained by the first lag, although we admit that alternative specifications with longer lags may be used (e.g., Abel et al. 2010b ). However, given the relatively short time series it is difficult to test what the best model may be. We also do not restrict the structure of the VAR models, and allow some parameters, that might not be significant, to be included in the projection model. One major advantage of this approach is that the forecasts of the demographic inputs are predicted, not only based on past trends, but also by trends exhibited simultaneously in other regions. For example, we know that there is strong symmetry in origin-destination migration flow tables that persist over time, and that subnational patterns of fertility often follow the same pattern as each other, albeit at different levels. Our models take these factors into account.
CLOSED UNIREGIONAL AND MULTIREGIONAL FORECASTS
In this section, we first present the results from the VAR models applied to forecast the crude rates of growth, birth, death, net migration, in-migration and out-migration, and destinationspecific out-migration. Second, we present and compare the forecasted populations according to the four projection models described in Section 2.2.
PROBABILISTIC TIME SERIES FORECASTS OF DEMOGRAPHIC COMPONENTS
Six VAR(1) models were applied to forecast crude rates of growth, birth, death, net migration, in-migration and out-migration, and destination-specific out-migration.These were fitted using the vars package (Pfaff 2008a (Pfaff , 2008b in R (R Development Core Team 2010). The models for rates of growth, birth, death and net migration consisted of three time series each, whereas the models for in-migration and out-migration and destination-specific out-migration consisted of six series each.
In Table 3 Simulations for the predicted values from the model of regional growth rates are set out in Figure 7 . These were produced by simulating 10,000 values from multivariate normal distributions. The time varying mean vectors in this distribution were based on the estimated coefficients illustrated in Table 3 . The variance-covariance matrix in these distributions was estimated from the VAR model (not shown in Table 3 ). A generic function was written in R to provide these simulated values for any size VAR model. This function was depended on the rmvnorm routine from the mvtnorm R package Bretz, 2009 and Genz et al. (2010) . From Figure 7 , we see that the model predicts increases in the future growth rates for all three regions. The coefficients for the VAR(1) models were applied to crude rates of birth and death are set out in Table 4A and Table 4B , respectively. For these models, the adjusted R 2 values are considerably higher than for the growth rates, particularly for mortality. For the model applied to births, six parameters are significant: the autocorrelation parameters for the North and South, the South-North parameter and the three constant terms (trend is not included in the model). Nearly all parameters in the mortality model are significant. The exceptions are the North-South parameter and the trend parameters for the North and South. The predicted crude rates of birth and death and corresponding predicted intervals are set out in Figure 8 .
Both the crude birth and death rates are predicted to decline for the forecasted period, albeit with considerably less certainty in the regional fertility forecasts. Table 4 Vector autoregressive model coefficients and goodness-of-fit for regional birth rates and death rates, 1976-2008 The parameters for the VAR(1) model applied to the regional rates of net migration are presented in Table 5 Table 6 Vector autoregressive model parameters and correlation matrix of residuals for regional in-migration and out-migration rates, Finally, the parameters for the VAR(1) models applied to the crude rates of inmigration and out-migration and destination-specific migration rates are set out in Table 6 and Table 7 , respectively. The adjusted R 2 values are all relatively large, ranging from 0.63 (Midlands to South in Table 7 ) to 0.93 (in-migration to North in Table 6 ). For the inmigration and out-migration rate model, most parameters were significant, except those relating to in-migration to the South (only the constant was significant) and the trend parameters. The predicted rates and corresponding predicted intervals are presented in Figure   10 . Note that the rates for the North and Midlands are considerably higher than for the South. For the destination-specific out-migration rate model (Table 7) , most of the parameters were not significant, except for the constant terms, the autocorrelation terms for
North to Midlands, North to South, South to North and South to Midlands, and some of the cross-flow lag terms. The predicted rates and corresponding predicted intervals are set out in Figure 11 . Note that the rates for the North to South and Midlands to South are the highest.
RESULTS
The forecasted rates of the demographic components described above were used as inputs into four separate regional populations for the purpose of identifying the key differences in both the forecasts and prediction intervals. The results are presented in Figure 12 . As expected, the component and multiregional projection models resulted in narrower prediction intervals than the global and net migration models, as they include more information.
Likewise, the widest intervals were consistently produced by the global projection model, which contained the least amount of information. To summarise, the projection model specification clearly makes a difference in the results, even with a simple and relatively stable example, such as ours. We would expect the differences to be even larger if more regions were considered. For instance, if one were to model the population dynamics in the nine Government Office Regions in England, the multiregional model would contain 72 interregional migration flows to be modelled, whereas the in-migration and out-migration rate model would only contain 18 flows to be modelled.
We prefer the more complex multiregional model with destination-specific out-migration rates because they are multiplied to the correct populations at risk of migrating. However, the VAR models utilised in this paper are not designed to handle large matrices of time series flows. To overcome this obstacle, one could disaggregate the flows into multiplicative components consisting of main effects and interaction terms (Sweeney and Konty 2002) and model just the time-varying components. This would make the number of series to model similar to the component projection model.
OPEN MULTIREGIONAL FORECASTS
In this section, we extend the multiregional population forecasts presented in the previous section to include international migration. As discussed in Section 2.3, there are three ways to include forecasts of international migration: (1) net international migration rates, (2) immigration and emigration rates and (3) immigration counts and emigration rates. We show the differences and consequences arising from these different assumptions of including international migration.
VAR(1) forecasts of the rates of net international migration, immigration and emigration are presented in Figure 13 . We find that that the prediction intervals are wider for forecasts of net international migration than they are for immigration and emigration. In all three cases, the forecasts result in increased migration during the forecast period. The forecasts of immigration counts, used for the projection model specified in Equation 7, are presented in Figure 14 . Here, we see that the levels of immigration are expected to increase substantially in the South region. Note, these results were obtained from a VAR(1) forecast of regional immigration counts and emigration rates. The results from integrating the three types of international migration components with the multiregional model are presented in 
ADDITIONAL DISAGGREGATION, FUTURE RESEARCH AND CONCLUSIONS
In this paper, we have presented a number of population forecasts for regional populations in England. Its clear that the assumptions included in population projections matter, even for simple ones such as the ones presented in this paper. The ideas included in this paper can be extended to include age and sex in the projection framework. Here, one would need to consider the correlations or regularities in age patterns of demographic events, was well as across regions and over time. We hope to pursue this in future work.
Extending the approach used in this paper to include more regions, such as the nine Government Office Regions in England, let alone the nearly fifty counties, would require a different approach. The VAR models, as used in this paper, are not designed to handle so many different series. One idea would be to include some structure in the VAR models.
Another would be to focus on modelling just the time-dependent structures in the migration flow tables, as Sweeney and Konty (2002) The major contribution of this paper is its analysis of the influence of specification, particularly in regional population modelling exercises that include uncertainty. Aside from Gullickson (2001) , Sweeney and Konty (2002) and Wilson and Bell (2007) , very little work has been done in this area. We utilised multivariate time series models, VAR(1), to capture correlations over time and amongst regions in England. We then used these forecasts as inputs into various subnational projection models with the uncertainty coming directly from the time series of regional demographic components for England. In doing so, we reinforced the notion that specification is important for subnational projections (Rogers 1990) , and showed that it also matters for measures of uncertainty. More work, however, needs to be done for specifying uncertainty for a greater number of regions and model selection. While we have demonstrated the existence of strong correlations amongst regional demographic components over time, capturing them for a larger number of regions is likely to be cumbersome. If age and sex disaggregations are introduced, then the use of "shrinking" and of parameterised model schedules can further reduce the dimensionality of the data (Rogers 1976 (Rogers , 1986 McNown and Rogers 1989; Knudsen et al. 1993; McNown et al. 1995) . Further work could also be undertaken to consider a wider range of multivariate time series models and to incorporate model uncertainty (e.g., Abel et al. 2010a ).
The future of producing population estimates will require more emphasis on specifying uncertainty so that more informed decisions can be made by population planners and policy makers. We hope our research contributes to this endeavour by illustrating the importance of choosing the projection model itself.
